Auger recombination (AR) being electron-hole annihilation with energy-momentum transfer to another carrier is believed to speed up in materials with small band gap. We theoretically show that this rule is violated in gapless three-dimensional materials with ultra-relativistic electron-hole dispersion, Weyl semimetals (WSM). Namely, AR is prohibited by energy-momentum conservation laws in prototypical WSM with a single Weyl node, even in the presence of anisotropy and tilt. In real multi-node WSM, the geometric dissimilarity of nodal dispersions enables weak inter-node AR, which is further suppressed by strong screening due to large number of nodes. While partial AR rates between the nodes of the same node group are mutually equal, the inter-group processes are non-reciprocal, so that one of groups is geometrically protected from AR. This geometrical protection prolongs AR lifetime up to two orders of magnitude, to the level of nanoseconds.
Introduction.-The latest years of condensed matter physics are marked by an intense search for solid-state realizations of exotic fundamental particles 1-3 . The unique electronic properties of graphene 4 , Weyl [5] [6] [7] [8] [9] , and Dirac 10 semimetals enabled the tabletop observation of Klein tunneling 11 , supercritical atomic collapse 12 , axial 13 and axial-gravitational 14 anomalies. In this strive for highenergy physics enabled by electronic properties of novel materials, less attention is paid to the effects prohibited by these properties. Such negatory search still can be fruitful. In particular, suppression of electron scattering, relaxation, and recombination in solids [15] [16] [17] would enable the observation of new phases of ultra-clean matter, not to say about ultrafast electronic and photonic devices.
In this Letter, we show that quasi-relativistic dispersion of fermions in recently discovered Weyl semimetals (WSM) strongly suppresses the electron-hole recombination with energy-momentum transfer to another carrier, known as Auger recombination (AR). The AR is among key obstacles toward the realization of non-equilibrium phases of electron-hole liquid 18 , excitonic 19 and Floquet topological insulators 20 . In addition, AR is the primary "killer" of population inversion and optical gain in narrow-gap semiconductor lasers 21, 22 hindering their promotion into terahertz range. Numerous attempts to suppress AR invoked strain-engineering 23 , modification of wave function profiles 24 , and exchange effects upon scattering 25 . However, there has been no material with "natural" AR suppression as it occurs in WSM.
We further elaborate the incompleteness of analogy between relativistic electrons and Weyl fermions, and reveal its consequences for AR. In real WSM, there exist multiple Weyl nodes located at low-symmetry points of the Brillouin zone ( Fig. 1) , which can be attributed to one or several node groups (W 1 and W 2 in TaAs family). As a result, the carrier energy spectrum acquires anisotropy [26] [27] [28] and tilt. We show that it is the dissimilarity of energy spectra at different nodes that enables weak inter-node recombination, while the intra-node AR remains prohibited. Similar inter-valley AR was noted for lead salts 29 , however, strong suppression of intra- valley process was not realized. Adopting the relation between recombination and dissipative part of polarizability 30 , we derive an illustrative geometric construction for evaluation of AR. We use it to reveal the key features of interband population inversion dynamics. The most intriguing one is non-reciprocity of AR between various node groups, and suppression of AR at nodes with fast carrier velocity, which we call geometrically protected population inversion. This protection, along with strong screening due to large number of nodes, prolongs the nonradiative lifetimes up to the level of several nanoseconds.
AR in prototypical WSM.-The suppression of AR in WSM is tightly linked to the impossibility of impact ionization of Dirac vacuum by high-energy elec-trons 31 . Indeed, an electron with energy-momentum relation E 2 = (mv 2 0 ) 2 + (kv 0 ) 2 cannot emit electron-positron pairs due to non-equal energies of initial (mv 2 0 ) and final states (≥ 3mv 2 0 ) in the center-of-mass system. As the mass gap tends to zero and dispersion becomes ultra-relativistic, E(k) = kv 0 , the situation becomes pathological. Momentum conservation for Auger process reads
, where k e1 and k h1 are the momenta of recombining electron and hole (counterpart of positron in solids), k e2 and k ′ e2 are the initial and final momenta of 'hot' electron. The energy conservation implies k e1 + k h1 + k e2 = k ′ e2 , and renders all four momenta collinear. The phase space for collinear collisions vanishes. However, the interaction strength between collinear carriers diverges as their unidirectional motion with equal velocities implies infinite interaction time. This fact is known as collinear scattering anomaly 32 , and the resulting AR probability of the form 0×∞ was shown to be finite in two dimensions [33] [34] [35] [36] . To put the solution of AR problem in three dimensions on a solid ground, we use a transparent yet not widely adopted relation 30 between recombination and imaginary parts of inter-and intraband polarizations, ImΠ −+ and ImΠ ss (here s = ±1 is the index of conduction and valence bands). The AR rate in this formalism involves the product of electron-hole annihilation probability characterized by ImΠ −+ , the squared amplitude of virtual photon propagation, and the probability of interband photon absorption ImΠ ss . The formal expression for the rate of AR with energy transferred to the s-th band, R (s) , reads
where V 0 (q) = 4πe 2 /q 2 is the Fourier transform of Coulomb interaction, ǫ(ω, q) is the dielectric function of WSM, n B (ω) = [e ω/T − 1] −1 is the Bose distribution, and ∆µ eh = µ e − µ h is the difference of electron and hole quasi-Fermi levels 37 . Summation in (1) is performed over all possible frequencies ω and wave vectors q of virtual photons, qω ≡ (2π)
3 qdω. Since AR involves both inter-and intraband electron transitions, the domains of non-zero ImΠ −+ and ImΠ ss should intersect in (ω, q) 4-space. However, the interband emission is bound inside the "excitation cone", ω ≥ v 0 q, while intraband absorption is possible only outside of it, ω ≤ v 0 q, as follows from conservation laws for single-particle processes [ Fig. 2(a) ]. In a formal language:
where θ(x) is the unit step function and F ss ′ (ω, q) are smooth 38 . Integration of smooth functions in (1) over the region of zero measure results in zero value of R (s) (see Fig. 2(b) ). It contrasts to the two-dimensional case (up- per curves in Fig. 2(b) ) where F ss ′ (ω, q) possess squareroot singularities at ω = v 0 q, which resulted in finite AR rate 33, 35 . AR in real WSM.-To study AR in materials with general anisotropic Weyl velocity tensorv n and tilt velocity u n (which are specific to the Weyl node group, W n ), we introduce the Hamiltonian
where w n (k) =v n k and w
Explicit form of dispersion in the nodes of the group are given by E
n represent operations of the point group connecting the nodes (C 4v for TaAs family, Fig. 1) .
Linearity of the Hamiltonian (4) in momentum operators allows one to relate the polarization of anisotropic tilted i-th node Π 
where v n = | detv n | 1/3 is the average Weyl velocity. This transform implies that anisotropy and tilt of dispersion translates in the respective deformation of the "excitation cone". As a result, the inter-and intra-band excitations within the same node still do not overlap in the presence of tilt and anisotropy, and intra-node AR remains forbidden.
At the same time, deformation of the Weyl cones opens up the inter-node recombination channel. Geometrically, the overlap between inter-and intraband excitations in different nodes can be produced both by different orientation of velocity tensors, tilt, and different absolute values of Weyl velocity (in multi-group WSM). These possibilities are illustrated in Fig. 2(c-e) . As far as difference in dispersion of the nodes is small, the partial AR rate involving the nodes i and j, R (s) ij , can be factorized into the geometric and statistical parts 38 ,
The dimensionless geometric factor G originates from integration of the Coulomb amplitude V 0 (q) over the allowed wave vectors [shaded areas in Fig. 2(c-e) ]. Mathematically, it is given by an integral over the solid angle of a unit vector e q ,
where
n ] −1 , and the nodes i, j are assumed to belong to the groups W n,n ′ , respectively.
Once a small difference in node dispersions is carried to G, the statistical factor S is expressed via the polarization of the prototypical WSM,
, and the frequency of virtual photon is at the edge of "excitation cone", ω q = v 0 q. The factorization allows one to evaluate and discuss the effect of a particular band structure and that of statistics independently.
We first discuss the geometry of intra-group AR enabled by in-plane velocity anisotropy, assuming principal axis of the Weyl velocity tensor parallel to the crystallographic ones. In the W 1 node group of TaAs, there exist four Weyl velocity tensors with pairwise perpendicular dispersion surfaces. For each such pair, the geometric part G xy is given by volume between two ellipsoids in qspace, as illustrated in Fig. 2 
(c). Explicit calculation in the limit
The AR rate does also not vanish even if node dispersions differ in tilt only. The tilt-enabled geometric factor G t is given by the volume between two shifted spheres in q-space, as shown in Fig. 2(e) , so that
n,n ′ , i, j ∈ W n,n ′ , and we have assumed equal velocity tensors for different nodes.
When there exist multiple Weyl node groups, the difference in (averaged) Weyl velocities becomes a more important factor enabling AR than anisotropy and tilt. Neglecting the latter, the geometry term G ⊚ is given by volume between two spheres in q-space, as shown in Fig. 2(d) , and results in
A striking feature of inter-node AR is its non-reciprocity, i.e. the absence of recombination in the group with fastest Weyl velocity v ⋆ . Indeed, the virtual photon with momentum q < ω/v ⋆ emitted upon e-h annihilation in "fast" group cannot be absorbed in "slow" nodes (while the opposite is possible). Thus, this peculiar "fast" node is geometrically protected from AR, provided the anisotropy and tilt are weak. Below we show that geometrical protection elongates the non-radiative lifetime in real WSM up to several nanoseconds. Visualization of AR in WSM: temporal dynamics.-Once the interband population inversion is created in WSM, its relaxation after relatively fast intraband equilibration (due to electron-electron scattering) is governed by the interband processes. Assuming that AR lifetime in WSM is shorter than the phonon-limited lifetime 39 , we consider the temporal dynamics with AR channel only, dp
ij is a partial AR rate in W n and p n (t) = n n (t) are the non-equilibrium carrier densities at each node group W n . Assuming uniform pumping at each node, we solve Eq. (15) the node groups according to their degeneracy factors η n . For estimates, we take the average Weyl velocity v 0 = 2.5 · 10 7 cm/s, κ = 10, T = 77 K, and the geometry factors G 1,2 for the intra-group and inter-group contributions as 0.1 and 0.2, respectively. The dielectric function ǫ(ω, q) is adopted in Thomas-Fermi approximation 38 . The specific band structure of WSM imprints on AR rates already in materials with single node group (as expected in strained HgTe 40 ). Particularly, the rate at strong pumping (quasi-Fermi level δµ ≫ T ) never follows the p 3 -law inherent to common semiconductors. The superseding dynamics is summarized in Table I and Fig. 3 .
Strong deviations from p 3 -law occur due to carrier degeneracy and screening. The latter is proportional to the total number of nodes η = n η n (24 in TaAs family and 8 in strained HgTe). This makes the total AR rate (almost) independent of the nodal degeneracy and the lifetimes -nearly proportional to η, thus enhancing them by more than an order of magnitude. Strong pumping of intrinsic nodes (equilibrium Fermi level µ = 0) results in sub-exponential relaxation, while strong pumping of extrinsic ones (µ ≫ T ) -in super-exponential one. Recombination at weak pumping and/or at final stages is, as expected, exponential. It is faster in extrinsic nodes by almost an order of magnitude due to the parabolic density of states in WSM.
In multi-group WSM the picture of relaxation becomes 
shows fast relaxation of p2 in contrast to long-living p1(t). Diagrams on the right show the band occupancy at equilibrium much more complicated 38 . The most remarkable feature of it is the geometric protection of population inversion in "fast" nodes. If all eigenvalues of the Weyl velocity tensor in W 1 exceed those in W 2 , the inter-group channel of AR for W 1 is locked. Additionally, the intra-group channel is suppressed due to screening by the resident carriers at W 2 . The band structure of TaAs, the first experimentally discovered WSM, favours such scenario. It possesses almost intrinsic 8-fold degenerate node group W 1 , and extrinsic 16-fold degenerate node group W 2 with µ ≈ 20 meV 1 . Therefore, one can expect extra-long life-
Exponential τ = ηT C2n(αη)G1µ 2 TABLE I. Summary of results for relaxation dynamics of excited carrier density p(t) in WSM with single node group. µ is the equilibrium Fermi energy, C(αη) are dimensionless screening functions depending on coupling constant αη = ηe 2 /κv0 listed in 38 .
times of carriers in W 1 , which is further proved by our calculations in Fig. 4(a) . At the excitation density p 0 = 3 · 10 17 cm −3 the distributions at both W 1 and W 2 are degenerate, and the evolution of p 2 (t) is given by equations of super-exponential case with η substituted by degeneracy of heavily occupied node η 2 , while
with C 3n ≈ 234. In the non-degenerate limit of carrier distribution in W 1 and the valence band of W 2 , the relaxation is exponential in both groups. The lifetime of carriers in W 2 is the same as in doped single-group case with η → η 2 , while for W 1
where β η2 = (3/π 2 )(µ/T ) 2 α η2 . Numerical evaluation of Eq. (15) for p 1,2 (t) (see Fig. 4(a) ) illustrates that in both cases the lifetimes of geometrically protected carriers are by the orders of magnitude larger than those in singlegroup WSM (Fig. 3) , the lifetimes of carriers of W 2 [inset in Fig. 4(a) ], or when the intrinsic node group is unprotected Fig. 4(b) ]. Conclusion. We have shown that peculiar ultrarelativistic band structure of WSM leads to strong suppression of AR due to phase space restrictions imposed by energy and momentum conservation. The only allowed Auger process involves scattering between Weyl nodes with dissimilar carrier dispersion laws . In comparison to graphene, the carrier lifetimes in realistic WSM are elongated by several orders of magnitude thanks to (1) "geometrical" restrictions in phase space and (2) strong screening of Coulomb interaction proportional to the number of nodes.
The most striking feature of the inter-group AR in WSM is the geometrical protection of the population inversion in the "fastest" node group W ⋆ , where the rate of this process vanishes. The persistent recombination channels due to velocity anisotropy and tilt can be strongly suppressed if W ⋆ is intrinsic and there are enough carriers outside of it to provide strong screening. As a result, the lifetimes up to 10 −8 s can be achieved in WSM with geometrically protected node group. Experimental studies of TaAs support the desired band structure, so the proposed scenario is highly realistic.
Our preliminary estimates show that account of dynamic screening further suppresses AR, as the real part of the screening function has a logarithmic singularity at the edge of the excitation cone 41 . This would result in an extra large log factor in carrier lifetime, order of ln 2 G −1 . All these results allow us to consider WSM as promising candidates for long-lasting non-equilibrium states and efficient coherent terahertz emission.
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The RPA polarizability due to electron transitions between s-th and s ′ -th bands is given by
where s, s ′ = ±1, η is the number of Weyl points of a given type, k ′ = k + q, f s (E sk ) is the Fermi function with quasi-Fermi energy µ s , I ss ′ (k, k ′ ) is the squared overlap integral between states {sk} and {s ′ k ′ }. The imaginary part of polarizability is obtained from (S1) with Sokhotski theorem
The spectrum of a prototypical WSM is E sk = sv 0 k, while the squared overlap integral takes on the form
For brevity, we set from now on the Weyl velocity to unity, v 0 ≡ 1. This allows us to transform (S2):
The latter form was achieved by passing from integration over the spherical angles to the integration over the modulus of k ′ = |k + q|. Considering separately the regions k > q and k < q and performing the change of variable k = (ω + qx)/2, we obtain the final expressions for inter-and intraband parts of WSM polarizability (ω q = v 0 q):
II. AUGER RECOMBINATION RATE FACTORIZATION
The general expression for AR rate between Weyl nodes i and j belonging to the groups W n and W n ′ has the form
where N B (ω) = n B (ω − ∆µ eh ) − n B (ω) and Π
(6) of the main text and expressions (S5)-(S8), we can re-write the imaginary parts of polarizabilities Π (i,j)
ss ′ for anisotropic Weyl nodes as
n q (S12)
n q (S13)
The velocity of prototypical WSM is taken as average velocity, v n,n ′ = 3 |detv n,n ′ |, while ω j (q),ω j (q), q j are the same as (S12)-(S14) with replacements i → j, n → n ′ . We note that deriving these expressions in the presence of tilt, u n = 0, we can neglect the tilt in the arguments of distribution functions and, hence, in Eqs. (S6) and (S8). This is justified by the relatives smallness of tilt in type-I WSM, |u n | ≪ ||v n ||. As a result, the expression for ARR is transformed into
To proceed further, we perform the integration variable change q → q i which transforms the dispersion term, associated with the Weyl velocity, into isotropic one |v i q| = v n |q i |. Henceforth, we rename the new variable as q, and the expression for the ARR takes the form
n q|, and g ij = g
n ] −1 . In (S16) we have factorized q-integration and "bare" Coulomb interaction into radial q = |q| and angular e q = q/q parts
The domain of the allowed (ω, e q ) is determined by
where ∆(e q ) is its thickness over ω in the units of ω q = v n q, being nonzero due to the dissimilarity in the nodes' i and j dispersion. We limit ourselves to the case when this difference is small. Then, due to ∆(e q ) ≪ 1, ω i,j (Q) ≈ ω q and v n ′ ≈ v n = v 0 . Since the dependence of the integrand in (S16) on ω is determined by the smooth behaviour of the distribution functions, in (S16) we can neglect the difference between ω i,j (Q) and ω q everywhere, except the variation range of ω
We note, that the given expression for ARR is valid only if the dielectric function has no singularities in the frequency range [ω i (Q),ω j (Q)]. Otherwise, the ǫ(ω) dependence should be taken into account when calculating the integral over ω. Analogically, due to the small difference in nodes' i and j dispersions, q ij ≈ q. Thus, integration over q and e q can be carried separately, so that R (s) ij is factorized into the geometric and statistical parts
Strictly speaking, such factorization is valid only when ǫ(ω, q) = κ. In general case, ǫ(ω q , Q) contains the combinations of q and |v n [g
n ]
−1v−1 n e q | 2 , so that factorization becomes possible only with the dielectric function, averaged over e q directions: ǫ(ω q , q) = ǫ(ω q , Q) eq .
III. GEOMETRY FACTOR
The direct evaluation of geometrical factor is most convenient if G ij is written directly in terms of Weyl parameters of the nodes i and j
n,n ′ . In further calculations, we shall use both Cartesian e q = (e x , e y , e z ) and spherical coordinates e q = (sin θ cos ϕ, sin θ sin ϕ, cos θ) for the unit vector e q .
A. Intra-group AR enabled by in-plane velocity anisotropy
In the W 1 node group of TaAs, the Weyl velocity tensors has the form
where ϕ i = 0, π/2, π, 3π/2. We evaluate the geometrical factor G xy using the pair of Weyl points with ϕ i = 0 and ϕ j = π/2 as an example. The explicit form of their velocity tensors iŝ
The "anisotropy term" in the denominator of geometrical factor has the form
The domain of allowed (ω, e q ) (in the coordinates turning the dispersion of the i-th node into isotropic one) represents the intersect of the interior of sphere and exterior of ellipsoid. The local thickness of this domain ∆(e q
Introducing the eccentricity of constant energy ellipsoid in the xy-plane
we rewrite (S30) as
As mentioned before, we assume the Weyl parameters of the valleys involved to be almost identical. In particular, this implies weak anisotropy in the xy plane: ǫ xy ≪ 1, which is equivalent to |v
The thickness of allowed domain, in this limit, reduces to
and will be small as far as ǫ xy is small. The denominator of geometry factor, in the same limit, takes a simpler form
Direct evaluation of the latter integral leads us to the final result
(S37)
B. Inter-group AR
The recombination between different node groups is enabled already by the difference of absolute values of Weyl velocities. For this reason, we omit tilt and consider velocity tensor as isotropiĉ
and the process is allowed only if v 2 > v 1 . In this recombination mechanism, no symmetry relations between nodes are required and the smallness of the domain of allowed (ω, q) is guaranteed by proximity of v 2 and v 1 . Therefore
C. Tilt-enabled AR
To highlight the effect of tilt-enabled AR, we omit the velocity anisotropy from consideration and take the velocity tensors of i-th and j-th nodes to bev
The tilt vectors of the nodes can be, however, different
A. Intra-group recombination. Sub-exponential relaxation in the intrinsic node group.
Symmetric pumping of intrinsic node leads to equal quasi-Fermi levels of electrons and holes which we denote as δµ, µ c = δµ, µ v = −δµ. In the degenerate limit µ c , |µ v | ≫ T , the distribution functions can be regarded as step-wise:
The non-equilibrium carrier densities are related to quasi-Fermi level via
The screening function in the degenerate limit reads
where α η = ηe 2 v0κ is the effective fine structure constant which determines the strength of screening. In WSM, α η ≫ 1 due to large number of nodes.
With the above assumptions, the statistical factor can be evaluated analytically:
where the screening function C 1d (α), presented in Fig. S1 , has the limiting forms
B. Intra-group recombination. Exponential relaxation in the intrinsic node group.
When quasi-Fermi level of pumped carriers is low δµ ≪ T , the carrier distribution is non-degenerate and the non-equilibrium density becomes a linear function of δµ:
The dielectric constant is governed both by thermal and non-equilibrium carriers:
The statistical factor is, apparently, linear in excess carrier density:
The screening function in this limit, depicted in Fig. S2 , is not expressed via elementary functions C. Intra-group recombination. Super-exponential relaxation in the extrinsic node group.
We consider strong pumping of n-doped node of WSM, such that the Fermi levels obey the inequalities
where µ is the Fermi level at equilibrium, and the non-equilibrium value is µ c = µ + δµ c . The pumping is assumed to be strong enough to push the hole quasi-Fermi level into valence band, µ v < 0. Due to the high density of the residual carries µ c remains almost unaffected. Again, it is sufficient to model distribution functions as step-wise. The non-equilibrium densities are given by The equal excess density condition relates the two quasi-Fermi levels
The dielectric function reads
The statistical factor can be expressed in a closed form
where the second term corresponds to the next order of expansion in powers of µ v /µ. Explicit form of screening functions shown in Fig. S3 is
D. Intra-group recombination. Exponential relaxation in the extrinsic node group.
At the final stages of relaxation in extrinsic n-doped nodes, both quasi-Fermi levels reside in the conduction band, µ c , µ v ≫ T > 0. The distribution function of conduction electrons can be modelled as step-wise, while the valence band distribution function differs from unity by an exponentially small factor:
The non-equilibrium carrier densities are
while the Fermi levels are linked by equal excess density condition
When the number of holes is exponentially small, only majority carriers contribute to screening:
The statistical factor can be expressed in terms of series over µ/T
where the screening functions illustrated in Fig. S4 are
andC 2n (α) has a very simple formC In multi-group WSM the picture of relaxation becomes much more complicated. For two node groups, W 1 and W 2 , there are non-equilibrium densities p 1,2 appended to the equilibrium ones of rather n-type or p-type, with degenerate, non-degenerate or intermediate statistics, depending on temperature. In addition, there are two relaxation channels, namely intra-group AR and inter-group AR, and the latter leads to interconnection between p 1 (t) and p 2 (t), as well as screening. Also, there is the intra-band Coulomb or phonon-assisted scattering between the carriers occupying different node groups, which tends to equilibrate quasi-Fermi levels of the groups δµ 1,2 . However, such processes involve large transfer of momentum (equal to distance between pairs of the nodes of W 1 and W 2 ), so they are usually slower than the inter-band processes and are neglected here. Depending on details of a particular system and excitation, the shape of relaxation can be quite intricate, and even if relaxation within each node group is exponential, the total dynamics is multi-exponential.
For the multi-group WSM, considered in the main text, AR processes involving the intraband transitions in W 1 dominate due to massive occupation of W 1 . So, relaxation of p 2 is governed by the intra-group AR, while the dominant channel of relaxation of p 1 is inter-group AR, which can be locked by the geometry protection. In this section, we consider the relaxation dynamics of the population inversion at unprotected group W 1 . In the weak excitation regime carrier distributions in W 1 and the valence band of W 2 are non-degenerate, so the relaxation is exponential in both node groups, but with different lifetimes given by
for W 2 and
with C 4n ≈ 2.176 for W 1 . Relaxation of the total concentration p(t) = p 1 + p 2 is multi-exponential in this case. For stronger excitation the non-equilibrium carrier distributions become degenerate, so the evolution of p 2 (t) is given by p 2 (t) = p 2 (0)(1 − t/3τ 0 )
while p 1 (t) = p 1 (0) 1 + t/τ 0 , FIG. S5. Dynamics of the population inversion p1(t) in WSM with 8-fold degenerate intrinsic node group W1 and 16-fold degenerate extrinsic group W2 without geometrical protection of W1 (v1 < v2).
